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Abstract 

A new phase space criterion, encoding the physically motivated behavior 
of coincidence arrangements of local observables, is proposed in this work. 
This condition entails, in particular, uniqueness and purity of the energet- 
ically accessible vacuum states. It is shown that the qualitative part of 
this new criterion is equivalent to a compactness condition proposed in the 
literature. Its novel quantitative part is verified in massive free field theory. 

1 Introduction 

Physical properties of vacuum states have been a subject of study since the early 
days of algebraic quantum field theory [2,3]. In particular, the problem of con- 
vergence of physical states to a vacuum state under large translations attracted 
much attention. It was considered under the assumptions of complete (Wigner-) 
particle interpretation [1], sharp mass hyperboloid [8] and asymptotic abelianess 
in time [11]. As none of these assumptions is expected to hold in all physically 
relevant models, further investigation of the vacuum structure is warranted. We 
revisited this subject in recent publications [13,14]. There we proposed a phase 
space condition which encodes the firm physical principle of additivity of en- 
ergy over isolated subsystems. It entails the uniqueness of the vacuum states which 
can be prepared with a finite amount of energy. These vacuum states appear, in 
particular, as limits of physical states under large timelike translations in Lorentz 
covariant theories; they can also be approximated by states of increasingly sharp 
energy-momentum values, in accordance with the uncertainty principle. 

In the present paper we introduce a new phase space condition C\,, stated be- 
low, which is inspired by the fact that all elementary physical states are localized 
somewhere in space. We show that this new criterion has all the physical con- 
sequences listed above and, in addition, entails purity of the vacuum state. A 
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large part of the paper is devoted to the proof that the new criterion holds in a 
model of massive, non-interacting particles and therefore is consistent with the 
basic postulates of quantum field theory [16] which we now briefly recall. 

The theory is based on a local net O 2t((9) of von Neumann algebras which 
are attached to open, bounded regions of spacetime O C and act on a Hilbert 
space H. The global algebra of this net, denoted by 21, is irreducibly represented 
on this space. Moreover, Ti carries a strongly continuous unitary representation 
of the Poincare group R*+^ >\ L\_ 3 {x,A) — > U{x,A) which acts geometrically on 
the net 

a(x,A)2l(C) = U{x, A)a(C»)[/(x, A)"^ = 2t(AC» + x). (1.1) 

Wc adopt the usual notation for translated operators a^A = A{x) and functionals 
i^xiA^) = f{A{x)), where A G 21, G 21*, and demand that the joint spectrum 
of the generators H, Pi, . . . , Pg of translations is contained in the closed forward 
lightcone V+. We denote by Pe the spectral projection of H (the Hamiltonian) 
on the subspace spanned by vectors of energy lower than E. Finally, we identify 
the predual of B{T-C) with the space T of trace-class operators on Ti. and denote by 
Te = PeTPe the set of normal functionals of energy bounded by E. The states 
from 21* which belong to the weak* closure of Te,i for some £^ > will be called 
the energetically accessible states. (Here Te^i denotes the unit ball in the Banach 
space Te). 

Important motivation for the present study comes from the refined spectral 
theory of translation automorphisms [15]. The aim of this theory is to decom- 
pose the algebra of observables 21 into subspaces which differ in their behavior 
under translation automorphisms M*+^ 3 x ^ ax- The first step is to identify 
the pure-point spectrum: Suppose that A G 21 is an eigenvector of translation 
automorphisms i.e. 

a^A = e'^'-'A, x G M'+^ (1.2) 
for some q G Then A belongs to the center of 21, since by locality 

\\[A,B]\\= lim \\[agA,B]\\^0, B G 21. (1.3) 

The irreducibility assumption ensures that the center of 21 consists only of multiples 
of unity. Hence the pure-point subspace is given by 2lpp = {/3I\(3 G C}. Since 
we do not have a concept of orthogonality in 21, it is not obvious how to choose 
the complementing continuous subspace 2lc. Suppose, however, that there exists 
a distinguished projection Ppp from 21 onto 2lpp. Then it is natural to set 2lc = 
ker Ppp and there follows the decomposition 

2l = 2lppe2lc. (1.4) 

Motivated by the Ergodic Theorem from the setting of groups of unitaries acting 
on a Hilbert space, we attempt to construct such a projection by averaging the au- 
tomorphisms {ax}xeM.^+^ over the group W~^^. Thus we consider the approximants 

Ppp,L{^) = T^f d'^^'xaxiA), AG 21, (1.5) 
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where Kl {{x^,x) e M^+i | e [-U,L%\x\ < L}, < £ < 1 and the 
integrals, defined in the weak sense for any finite L > 0, are elements of B{H). By 
locality, the weak* limit points of the net {-Ppp,l(^)}l>o belong to the commutant 
of 21. Hence, by the irreducibility assumption, they are multiples of unity. With 
this information at hand one easily obtains: 

Theorem 1.1. Let {u)l}l>o be a net of states on 21 given by the formula 

u;l(A):^u;{Ppp,l(A)), A e 21, (1.6) 

for some state cu & T. Let o^q £ 21*, 7 e I &e the limit points of this net in the weak* 
topology 0/21* and {oJhg | /? £ J'''} the corresponding approximating subnets. Then 
each such limit point uJq is a translationally invariant, energetically accessible state 
which is independent of the state uj. 

It is a simple consequence of the above theorem that for any 7 G I we obtain a 
projection PJp on the pure-point subspace 2lpp which has the following form 

p;M) ^*-l7Ppp,L,(A) = ul{A)I, Ae%. (1.7) 

On physical grounds we expect that the translationally invariant, energetically 
accessible states uJq are vacuum states which all coincide. In order to establish 
these facts, we amend the general postulates stated above by some physically 
motivated phase space conditions: First, we consider the maps He ■ 1e — 2t(0)* 
given by 

UE{ip) = (fWio)- (1-8) 

It was argued by Fredenhagcn and Hcrtcl in some unpublished work, quoted in [9], 
that in physically meaningful theories these maps should satisfy the following 
condition: 

Condition Cu. The maps He are compact^ for any £" > and any double 
cone O. 

It is a consequence of this criterion that any energetically accessible and transla- 
tionally invariant state is a vacuum state, as physically expected. (See e.g. Theo- 
rem 2.2 (a) of [13]). However, the uniqueness of these vacuum states does not seem 
to follow from the above assumption. In order to settle this issue, we introduce a 
strengthened variant of this criterion which is inspired by the behavior of coinci- 
dence arrangements of local observables. For this purpose we pick one reference 
vacuum state cuq G {<^o |7 ^ define the corresponding continuous subspace 
2lc = ker and the local continuous subspaces 2lc(C) = { A G 2t((9) | uJo{A) = }. 
Next, for any double cone O we introduce the Banach space {^d^^)^^)* of N- 
linear forms on 2lc(C), equipped with the norm 

\\i;\\= sup \^^J{A,x■■■xAJ,)\. (1.9) 

Aie2ic(0)i 
ie{i,...,N} 

^We adopt the restrictive definition of coinpactness from [9]: a map is compact if it can be 
approximated in norm by finite-rank mappings. See Section 2 for details. 
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In order to control the minimal distance between the regions in which the mea- 
surements are performed, we define the set of admissible translates of the region O 

^N,s = {x= {xi,...,xn) eR^'l Vte]-5,5[,ii^j + Xi^O + Xj+ teo }, (1.10) 

where the symbol ~ indicates spacelike separation and cq is the unit vector in the 
time direction. For any x& T^^s and <f & Te we introduce the following elements 
of (2lc(C)^^)* 

ip3(Ai x---xAn)^ <^(Ai(fi) . . . An{xn)). (1.11) 

Next, we consider the maps IIe,n,s '■ ^ x ^n,s {^c{Cf)^^)*, given by 

^E,N,s{v,x) ^ (P3, (1.12) 

which are linear in the first argument. Postponing the formal definitions of bound- 
edness and compactness for such maps to Section 2, we state a theorem which is 
at the basis of our investigation. 

Theorem 1.2. A theory satisfies Condition if and only if the maps IlE^Ar^^ are 
compact for any E >0, N eN, 5 > and double cone O C ]R*+^. 

This result, whose proof is given in Section 2, opens the possibility to encode 
the physically expected behavior of coincidence arrangement of detectors into the 
phase space structure of a theory. We note that any functional from Te should 
describe systems with only a finite number of distinct localization centers. Indeed, 
in a theory of particles of mass m > the maximal number of such centers Nq{E) 
is given, essentially, by — . If the number of detectors is larger than Nq(E), then 
at least one of them should give no response and the result of the entire coincidence 
measurement should be zero. We formulate this observation mathematically as a 
strengthened, quantitative variant of Condition Cf. 

Condition C\, 

(a) The maps IIe,n,s are compact for any E>0, NeN, S>0 and double cone 

(b) For any £; > there exists No(E) e N s.t. for any TV > No(E) the £-content^ 
N'{s)e,n,5 of the map IIe,n,5 satisfies 

lim N'{e)E,N,s = 1 (1.13) 

0— >oo 

for any £ > 0. 

^Let V, W be Banach spaces and let F be some set. Then the £-content of a map 

n : V X T ^ W is the maximal natural number Af{e) for which there exist elements 
{vi,xi),..., (t^Ar(e),a;A/-(s)) G Vi x T s.t. \\U{vi,Xi) - n{vj,Xj)\\ > e for i ^j. 
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It is our main result that the reference state ojq, which enters into the definition of 
the maps ;v,5, is the unique, energetically accessible vacuum state in theories 
complying with Condition C\,. Thus it defines a distinguished projection Ppp( • ) = 
a;o( ■ )/ on 2lpp which fixes decomposition (1.4). 

Our paper is organized as follows: In Section 2 we show that the qualitative part 
(a) of Condition C\, is equivalent to Condition Cji (i.e. we prove Theorem 1.2 stated 
above) . In Section 3 we study physical consequences of Condition C\, which include 
uniqueness and purity of the energetically accessible vacuum state as well as various 
preparation procedures for this state. In Section 4 we verify the quantitative 
part (b) of the new criterion in massive free field theory. The more technical part 
of this discussion is postponed to the Appendices. The paper closes with brief 
Conclusions. 

The results presented in this paper were included in the PhD thesis of the 
author [15] completed at the University of Gottingen. 

2 Equivalence of Conditions Ct,(a) and Q 

In this section we show that Condition Ci,(a) is equivalent to the existing Condi- 
tion Cfj i.e. we prove Theorem 1.2 stated in the Introduction. 

First, we specify the notions of compactness which are used in the formulation 
of Conditions Cjj and Cb: Let V and W be Banach spaces and let C{V, W) denote 
the space of linear maps from V to W equipped with the standard norm. Let 
jF(y, W) denote the subspacc of finite-rank mappings. More precisely, any F G 
J^{V, W) is of the form F = ^"^^ n Si, where n e W and SiGV*. We say that 
a map 11 G C{V, W) is compact, if it belongs to the closure of J-'{V, W) in the 
norm topology of C{V, W). This concept is used in Condition Cjj. To formulate a 
notion of compactness which is adequate for Condition C\, , we need a more general 
framework: Let F be a set and let JC{V x F, W) be the space of maps from V xT 
to W, linear in the first argument, which are bounded in the norm 



The subspace of finite-rank maps J-'{V x F, W) contains all the maps of the form 
F = Y.l=inSi, where n e W , Si & Ciy x F,C). We say that a map H e 
C{V X F, W) is compact, if it belongs to the closure of !F{V x F, W) in the norm 
topology of £(V^ xT,W). 
Proof of Cb(a)^Cs: 

Setting = 1 in Condition C|,(a), we obtain, for any £ > 0, a finite-rank map 
Fe J^(rExM^2lc(0)*) s.t. 



n|| = sup ||n(f , x)||. 

a;€r 



(2.1) 



sup 



\lE,i,5{v,B){A)-F{^,x){A)\<e. 



(2.2) 
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Noting that IIe,i,s{'P, ^) — ^E{fx)\%:io) and making use of the fact that ^{A — 
uJo{A)I) e 2lc(e>')i for any A e we obtain 



sup \nEiip)iA)-ip{I)cuoiA)- F{ip,0){A-cuoiA)I)\<2e. (2.3) 

Ae2l(0)i 

Thus we can approximate the map H^; in norm with finite-rank mappings up to 
an arbitrary accuracy i.e. this map is compact. □ 

The opposite imphcation is more interesting. It says that the restriction imposed 
by Condition on the number of states which can be distinguished by measure- 
ments with singly-locahzed detectors hmits also the number of states which can be 
discriminated by coincidence arrangements of such detectors. We start our analy- 
sis from the observation that spatial distance between the detectors suppresses the 
energy transfer between them. The proof of the following lemma relies on methods 
from [12]. 

Lemma 2.1. Let 6 > 0, j3 > 0. Define the function g :] — 7r,7r] ^ C as follows 

sW = ^k|cot^coti^|, (2.4) 

7ri5 

where 7 = 2 arctan e 2/3 . Then, for any pair of bounded operators A, B satisfying 
[A{t),B] = for \t\ < 5 and any functional Lp e e~^^Te~^^ , there holds the 
identity 

^{AB) = ^{{A, 5^]+) + (^(^e-^^S^e^^) + (^(e^^S^e'^^A), (2.5) 

where [ ■ , ■ ]+ denotes the anti- commutator and we made use of the fact that Lp{e^^ ■ ), 
(/?( ■ e^^) are elements of T . Here Bfj and Bp are elements of B{7i) given by the 
(weak) integrals 

Bp = jy^^ ^^^m + ^ £ dc^ B{g{ct>)), (2.6) 
Bp - ' d<l> B(g(<t>)), (2.7) 

where B{g{(t))) = (A<^{<I>)h Be'^f^^'l'^" . 

Proof. It suffices to prove the statement for functionals of the form <^( • ) = 
(^i| ■ ^2)7 where \I'i and ^^2 are vectors from the domain of e^^ . For 5 > and 
/3 > we define the set 

Gp^s = { ^ e C I |Im^| <p}\{z\ Imz = 0, |Rez| >5} (2.8) 

and introduce the following function, analytic on Gp^s and continuous at its bound- 
ary 

;^i|Ae*^-^5e-*^-^*2) for < Imz < /3 

h{z) = { {^^\e''"Be-''"A^2) for - /? < Imz < (2.9) 

(*i|AS(z)*2) = (*i|S(z)A*2) for Imz = and |Rez| < 5. 
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We make use of the following conformal mapping from the unit disc { | < 1} 
to Gp^s [12] 

.H = ^{lnl±^-lnl^^}. (2.10) 
Setting w — re*'^, < r < 1, we obtain from the Cauchy formula 

h{0) = ^ f d4)h{z{re'^)). (2.11) 



27r_ 

Since h{z) satisfies the following bound on the closure of G()^s 

\h{z)\ < \\A\\ \\B\\ ||e^^*i|| ||e^^*2||, (2.12) 

we can, by the dominated convergence theorem, extend the path of integration in 
relation (2.11) to the circle r — 1. In this limit we have [12] 

Rez(e*^) = ^(0), (2.13) 

{0 if |0| < 7 or TT — < 7 or TT + < 7 
(3 if7<(/)<7r-7 (2.14) 
—(3 if 7 < —(f) < TT — 7. 

Consequently, we obtain from (2.11) 

(^l|/lS*2) 

^ ^'#(*i|[A5(^(0))]+*2) + ;^ r #(*i|[A,5(^(0))]+*2) 



27r Jo 27r 
^ hf, '#((*i|^e-^''5W))e^^*2) + (e^^*i|5(^(,/.))e-^^A*2))(2.15) 

what concludes the proof. □ 

In order to complete the proof of Theorem 1.2, we have to proceed from the sharp 
energy bounds assumed in Condition Cfi to the exponential energy damping which 
is established in Lemma 2.1. Making use of the fact that = PeB(T-1)Pe, 
Condition Cjj can be restated as a requirement that the maps '■ 2l((9) B{Ti.), 

given by Se(A) = PeAPe, are compact for any E > and any double cone O. 
(See [9] for a similar discussion). With the help of the estimate 

\\e-PH^^-/3H _ e-P"PEAPEe-^"\\ < 2||A||e-^^, (2.16) 
one also concludes that the maps and S^^^^j from £(2t((!?), B{H)), defined as 

E^{A) = e-^^Ae-^^, (2.17) 
5/3,a(A) = e-^^^A^.e-'^^^, (2.18) 

are compact for any /3, /3i,/32 > and any double cone O. Ap^ is given by defini- 
tion (2.7). 



Proof of a (a): 

For any /? > we introduce the auxiliary maps l^p,N,5 ^ ^{^^ x ^n,5, (2lc(0)^^)*) 
given by 

U^Mf^iMi X • • • X A^) = vp(e-(^+^)^^yli(fi) . . . yl^(f^)e-(^+i)^^). (2.19) 

They are related to the maps IIe,n,5 £ C{Te x Tjv.^, (2lc(C)^-^)*) by the following 
identity, valid for any (f & Te 

^EM^^i) = n/3,A^,5(e(^+^)'^^(^e(^+^)^«,f). (2.20) 

In order to prove compactness of the maps IIe,n,s, it suffices to verify that the 
family of mappings {n.i3,N,s}f3>o is asymptotically compact in the following sense: 
There exists a family of finite-rank maps Ffj^M,6 G T{T x F^v.^, (2lc(C)^^)*) s.t. 

lim||n^,iv,5-^Aiv,5||=0. (2.21) 

If this property holds, then, by identity (2.20), the maps 'n.E,N,5 can be approxi- 
mated in norm as /3 — >• by the finite-rank maps -F/3,iv,(5 G >C(7bxFjv,5, {^ciP)^^)*) 
defined as 

F,,^,,(VP,f) = F,,^,5(e(^+^)^^^e(^+^)^^,f). (2.22) 

We estabhsh property (2.21) by induction in N: For N — 1 the statement follows 
from compactness of the map Ss^ given by (2.17). Next, we assume that the family 

{Ili3^N-i,s}p>o is asymptotically compact and prove that {Ili3,N,s}p>o also has this 
property. For this purpose we pick (p G Ti, Ai, . . . , £ 2lc(C)i and x e T^^s- 
Then Ai{xi) . . . Ais[-i{xn-i) and An{xn) satisfy the assumptions of Lemma 2.1 
and we obtain 

n/3,jv,5('^,^)(^i x ••• X An) 

= <^(e-(^+l)/^^[Ai(fi) . . . A;v-i(fiv-i), Aiv,iv^(^iv)]+e-(^+^)^^) 
+Up^N-i,s{{'^^fi,Ngi'^N){xN)ve~^"},xi, . . . ,fjv-i)(^i x • • • x A^-i) 
+fLp^N-i,s{{e~'^" f'^ifS^Ni3i^N){xN)},xi, . . . , f jv_i) (Ai X ■ ■ ■ X An-i).{2.23) 

The first term on the r.h.s. of (2.23) satisfies 

|<^(e-(^+|)/^^[Ai(f0...^iv-i(fiv-i),iiv,iv,(^iv)]+e-(^+i)^^)| < 

TT 

(2.24) 

where we made use of definition (2.6). We recall from the statement of Lemma 2.1 
that 7(iV/3) — > with /? — > 0. To treat the remaining terms, we make use of the 
induction hypothesis: It assures that there exist finite-rank mappings Fp jv-i s G 

:^(rxF^_i,5,(2ic(c»)^^-^)*)s.t. 

lim||^^,^^-M-F^,iV-l,^||=0. (2.25) 



Next, making use of compactness of the maps Si^ e B{H)), given by 

formula (2.18), we can find a family of finite-rank mappings Fp e J^(2t(C), B{H)) 
s.t. 

m^,,,N,-m<--^ — 7. (2-26) 

J- + II AT- 1,5 II 

for any (3 > 0. Now the second term on the r.h.s. of (2.23) can be rewritten as 
follows 

Ilp,N-l,di{-^/3,NI3i^N){xN)^e-^^},Xi, . . . , f JV-l) 

= (n/3,jv-i,5 - Fp^N-i,s) {{^^p,N/3i^N) (xn) f e~^-^}, f 1, . . . , Xn-i) 

+ Ff)^N-l,5{{{'^lp^Np{^N) - Fp{AN)){xN)^e~^"},Xi, . . .,Xn-i) 

+ Fp,N-i,5{{Fp{At,) {xn) ^ e-^«}, fi, . . . , XN-i) • (2.27) 

We obtain from relations (2.25) and (2.26) that the first two terms on the r.h.s. of 
equation (2.27) tend to zero with ^ in the norm topology of (2lc(0)^^~^)*, 
uniformly in (/? G Ti, An G 2lc(0)i and x_ G Fjv.^. The last term on the r.h.s. of re- 
lation (2.27) coincides with the finite-rank map F^^^^j G T{T x Vn,5, (2lc(C»)''^)*), 
given by 

^/3!lr,5(^,^)(Ax---x^iv) 

= ^Aiv-M({^/3(^iv)(^iv)^e-^^},fi,...,fjv-i)(Ai X ••• X Ajv-i).(2.28) 



The last term on the r.h.s. of (2.23) can be analogously approximated by the maps 

?(2) 
0,N,5 



fP^s e ^(T X r^,5, (ae(0)><^)*) defined as 



= ^^,JV-i,5({e-^-^(/?F^(Ajv)(xjv)},xi,...,fjv-i)(Ai X ••• X Ajv-i).(2.29) 
Summing up, we obtain from (2.23) and (2.24) that 



what concludes the inductive argument and the proof of Theorem 1.2. □ 



lim lln^,^,,, - F^]l^, - = 0, (2.30) 



3 Condition C\, and the Vacuum Structure 

In this section we show that the vacuum state ujo, which entered into the formula- 
tion of Condition C\, , is pure and that it is the only energetically accessible vacuum 
state. Similarly as in [13], there follows relaxation of physical states to Uq under 
large timelike translations and appearance of this vacuum state as a limit of states 
of increasingly sharp energy-momentum values. 
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We recall, that the £-contents of the maps TIe,n,5, which entered into the for- 
mulation of Condition C\,, have direct physical interpretation: They restrict the 
number of different measurement results which may occur in coincidence arrange- 
ments of local operators from 2lc(0). However, for many applications it is more 
convenient to work with the norms of the maps IIe,n,s- The link is provided by 
the following lemma. 

Lemma 3.1. Let V and W be Banach spaces and let {Ts}s>o be a family of sets 
ordered by inclusion i.e. Ts^ C Ts^ for 5i > 62- Let {Ils}s>o be a family of compact 
maps from C{V x Ts, W) and let ^{e)^ be the respective e-contents. Then there 
holds lim5_»oo^(£)(5 = 1 for any e > if and only if \ims-^oo \\^s\\ — 0. 

Proof. First, suppose that lims^ooJ^{£)s = 1 for any e > 0. Since the e-content 
takes only integer values, for any e > we can choose 5^ s.t. Af{e)s = 1 for 5 > 5^. 
Then, by definition of the e-content, there holds for any S > 

I|n5||<£, (3.1) 

what entails \ims-,oo \\^s\\ = 0. 

To prove the opposite implication, we proceed by contradiction: We recall that 
the ^-content of a compact map is finite for any e > 0. Next, wc note that for any 
fixed £ > the function S — >• J\f{e)s is decreasing and bounded from below by one, 
so there exists \ims-ioo-^{^)s- Suppose that this limit is strictly larger than one. 
Then, by definition of the e-content, there exist nets {(pf\^i^) and ((P2\x2^) in 
Vi X s.t. 

||n,(^f),fP)-n,(^f ,ff)|| >£ (3.2) 

for any S > 0. However, this inequality contradicts the assumption that the norms 
of the maps Us tend to zero with 5 ^ 00. □ 

With the help of the above lemma we reformulate Condition C|,(b) as follows: For 
any E >0 there exists such natural number Nq{E) that for any A'' > Nq{E) 

lim sup \\PeAi{xi) . ..An{xn)Pe\\ = 0. (3.3) 
ie{i,...N} 

We use this relation in the following key lemma. 

Lemma 3.2. Suppose that Condition C\, holds. Then, for any E >0, double cone 
O, and a sequence {S{n)}f s.t. S{n) ^37^ cxo, the following assertions hold true: 

(a) For any family of points {x\^^}i e Tn,s{n) there holds 



lim sup 



n 

i=l 



= 0. (3.4) 
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(b) For any unit vector e e M*, sequence {A^^^}^ G M+ and a family of points 
{^'^y'l, s.t. {ff U {^""^ + A^e}? e r2n,5{n), there holds 



lim sup 

A,Beac(0)i 



n . 
1=1 



= 0. (3.5) 



Proof. It is a well known fact that any normal, self-adjoint functional on a 
von Neumann algebra can be expressed as a difference of two normal, positive 
functionals which are mutually orthogonal [20]. It follows that any G Te^i can 
be decomposed as 

V^VL- <^Re + ^{"PL - flJ > (3-6) 

where yj^g, (pf^ are positive functionals from Te^i. Therefore, it suffices to prove 
relations (3.4) and (3.5) for the set T^^ of positive functionals from Te,i. By a 
similar argument, it suffices to consider self-adjoint operators A, 5 G 2lc(0) in 
both statements. 

We choose some positive functional (p G T^-^^, pick m G N s.t. = 2™ is 
sufficiently large to ensure that (3.3) holds. To prove (a), we define the operators 
(5„ = i J2i=i neN, where A G 2lc(0) is self-adjoint, assume that n > 

and compute 

ii,...,iN 



'il,...,ijV 

3ki^is.t.if^=il 



n,...,iiv n,...,ijv 

In the first step above we applied the Cauchy-Schwarz inequality and in the third 
step we extracted from the resulting sum the terms in which all the operators 
are mutually spacelike separated. Clearly, there are {^)N\ < such terms. 
Therefore, the remainder (the last sum above) consists of 

n^-(^)iV!<c^n^-^ (3.8) 

terms. There follows the estimate 

|<^(Qn)|^< sup \\PEA{x^)...A{xN)PE\\ + —\\Af, (3.9) 
(ii,...,^jv)er;^ ,5(„) 
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whose r.h.s. tends to zero with n — > oo by (3.3), uniformly in e Te^i, what 
concludes the proof of (3.4). 

In order to prove (b) we proceed similarly: Let Qn = ^ E7=i A(.?!"^)5(fJ"^+A(")e), 
where A, 5 e 2lc(0) are self-adjoint. Then, for n> N, we obtain 

= i E ^iMSt:^)B{4:^ + A(«)e) . . . A(fl;))5(fl;) + A^e)) 
- ^ H ^(A^S:^)5(fS:) + AWe)...A(fl;))5(xt^ + A(")e)) 

h,...,iN 

+ H ^iM4:^)Bi4:^ + A(")e) . . . AixtM^:; + X^-^e)) 

1 1 

ii,...,ijv 
^k^is-t.ik=ii 

I b 

ll,...,lN 

+ E (Pll ll^ll)'"- (3-10) 

tl,...,lN 

By the same reasoning as in case (a) we obtain the estimate 

< sup \\PEA{Xi)B{x2)...A{x2N-l)Bix2N)PE\\ 

Ae%:iO)l 
(xi,...,(E2Jv)er2Jv,«{n) 

+ '-^m\\\B\\f. (3.11) 

By taking the limit n — > oo we conclude the proof of (3.5). □ 
Now we are ready to prove our main theorem. 

Theorem 3.3. Suppose that Condition C\, is satisfied. Then there hold the fol- 
lowing assertions: 

(a) Let Lu E ^* be a state in the weak* closure ofTs^i which is invariant under 
translations in space. Then u> — cuq. 

(b) cuq is a pure state. 

Proof. In part (a) we proceed similarly as in the proof of Theorem 2.2 (b) 
from [13]: Let {(/'^I/jg/ be a net of functional from Tg i approximating u in the 
weak* topology and let A G 2tc(0) i.e. a;o(A) = 0. We choose families of points 
{xi}^ in s.t. {xj}" e ^n,s(n) for some sequence {S{n)}'^ which diverges to 
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infinity with n — > oo. We note the following relation 

< 

where in the first step we made use of the fact that the state cu is invariant under 
translations in space and in the last step we made use of Lemma 3.2 (a). Since local 
algebras are norm- dense in the global algebra 21, we conclude that kera;o C kero; 

and therefore the two states are equal. 

Let us now proceed to part (b) of the theorem. In order to show purity of ujq, it 
suffices to verify that for any A,B e 2lc(C), some unit vector e e and some 
sequence of real numbers {A^"^}^ s.t. A^"^ ^^z^ oo there holds 

lim LVo{AB{X^''^e)) = 0. (3.13) 

n— >oo 

To this end, we pick a net {(f^}f3^j of functionals from Te^i, approximating ujq in 
the weak* topology. (Such nets exist, since loq is energetically accessible). Next, 
we choose families of points {^l""*}" as in part (b) of Lemma 3.2 and compute 

\u;o{AB{X^^^e))\ = 



< 

what proves relation (3.13). □ 

As a corollary we obtain the convergence of states of bounded energy to the vacuum 
state under large spacelike or timelike translations. (It is an interesting open 
problem if this corollary holds also for lightlike directions) . 

Corollary 3.4. Let Condition C\, be satisfied. Then, for any state ui G Te, E >0, 
and a spacelike or timelike unit vector e G W'^^, there holds 

lim cuxe{A) = iOo{A) for A e 21. (3.15) 

A— >cx) 

Proof. First, let e be a spacelike vector. Then, by locality, {y4(Ae)}A>o is a central 
net in 21 for any A e 21. Thus, by the irreducibility assumption, its limit points as 
A — > oo in the weak* topology of -B(7Y) are multiples of the identity. It follows that 
the limit points of the net {a;Ae}A>o are translationally invariant and energetically 
accessible states. By Theorem 3.3 (a), the only such state is coq. 



|lj]^(A(ff)))|=lim|lj]^,(A(f<")))| 

it Pit 

i=i i=i 

n 

sup |-5]^(A(#)))|^0, 



(3.12) 



1 

|i5]a;o(A(ff))5(f<") + A(")e))| 
1=1 

lim|if;^^(A(^"))S(f<") + A(")e))| 

p rt . 
1=1 

1 " 

sup I- J]v?(A(fJ"))5(fJ")+A(")e))|^0, (3.14) 
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If e is a timelike vector, the proof relies on an observation due to D. Buchholz 
that limit points of {c<;Ae}A>o as A — > oo are invariant under translations in some 
spacelike hyperplane as a result of Lorentz covariance. (See Lemma 2.3 of [13]). 
Then it follows from Theorem 2.2 (a) of [13] that these limit points are vacuum 
states. They coincide with ujq due to Theorem 3.3 (a) above. □ 

To conclude this survey of applications of Condition C\,, we recall from [13] 
another physically meaningful procedure for the preparation of vacuum states: It 
is to construct states with increasingly sharp values of energy and momentum, 
and exploit the uncertainty principle. Let P{p,r) be the spectral projection corre- 
sponding to the ball of radius r centered around point p in the energy-momentum 
spectrum and Tlp^r) = P{p,r)'^P{p,r)- Proceeding analogously as in Proposition 2.5 
of [13] and exploiting relation (3.4), we obtain the following result: 

Proposition 3.5. Suppose that Condition C\, is satisfied. Then, for any p e V+ 
and double cone O, there holds 

lim sup \ip{A)-ip{I)uQ{A)\^Q. (3.16) 
Aea(0)i 

4 Condition C\, (b) in Massive Scalar Free Field 
Theory 

We showed in Section 2 that the qualitative part (a) of Condition C|, holds in all 
theories satisfying Condition Cjj, in particular in (massive and massless) scalar free 
field theory in physical spacetime [9]. Moreover, we argued in the Introduction that 
in physically meaningful, massive theories there should also hold the strengthened, 
quantitative part (b) of this condition. As we demonstrated in Section 3, this 
quantitative refinement has a number of interesting consequences pertaining to the 
vacuum structure. It is the goal of the present section to illustrate the mechanism 
which enforces Condition C\, (b) by a direct computation in the theory of massive, 
non-interacting particles. 

To estabhsh notation, we recall some basic facts concerning the free scalar 
field theory in s space dimensions: The Hilbert space Ti, is the Fock space over 
L^(]R'', d^p). To a double cone O, whose base is the s-dimensional ball Or of radius 
r, centered at the origin, there correspond the closed subspaccs := [uj^'iD{Or)] 
and we denote the respective projections by the same symbols. Defining J to 
be the complex conjugation in configuration space, we introduce the real linear 
subspace 

£ = (1 + J)C+ + (1 - J)C- (4.1) 
and the corresponding von Neumann algebra 

%{0) = {W{f)\J eC}\ (4.2) 
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where W{f) — e^i"-* U)+"-U)) _ The vacuum state ujq is induced by the Fock space 
vacuum Jl, i.e. a;o( • ) — (^| • |^); ^-nd there holds 

c^oW/)) = e-^"^ll'. (4.3) 

The unitary representation of translations has the following form in the single- 
particle space 

{U,{x)f){p) = e^(-^'-^^^f{p) Up), (4-4) 

where x = (t.x), uj{p) = \J + rn? and we assume that m > 0. The translation 
automorphisms are given hy axi^-) = U ix) ■ U{x)*, where U (x) is the second quan- 
tization of Ui{x). With the help of translations we define local algebras attached 
to double cones centered at any point of spacetime. Our task is to show that the 
resulting local net satisfies Condition C\,. 

Theorem 4.1. Massive scalar free field theory satisfies Condition C\,. 

Proof. The main ingredient of the proof is the following elementary evaluation 
of the A^-linear form IIe,n,s{^,x), where ip e Te^i, x e rjv,5, on the generating 
elements of 2lc(0) 

IIe,nAv, ^) ( {Wifi) - uoiWif,))!} X • • • X {WiM - cJoiWiUm ) 

- E (-l)l^^le-^^i2^ + ■ ■ ■ + )) 

Ri,R2 

Ri,R2 
Ri,R2 

+ e-h EL. II/.IP ^ {-irM- + • • • + ) 0, (4.5) 

Ri,R2 

where the sum extends over all partitions Ri — {ii, . . . , i\Ri\), R2 — (ji, • • • > j|i?2|) 
of an A^-clcmcnt set into two, possibly improper, ordered subsets. (If the condition 
1 < A; < / < is empty, the corresponding sum is imderstood to be zero). In 
the second step we made use of the fact that the Wcyl operators are localized in 
spacelike separated regions. In the third step we applied the identity W{f) — 
e~ 2 11/11 : W{f) : and in the last step we divided the expression into two parts: 
The first part tends to zero for large spacelike separations, due to the decay of 
1/2,0:2) when Xi — X2 tends to spacelike infinity. In the next lemma we show 
that the last sum on the r.h.s. of (4.5) vanishes for > 2—, so we can omit this 
last term in the subsequent discussion. 
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Lemma 4.2. Let E > 0, (p & Te and N > 2^ be a natural number. Then there 
holds 

S:=J2 i-^y^'M-- W{f,„,,^ +■■■ + ,^^,) :) = 0, (4.6) 

where the sum extends over all partitions of an N-element set into disjoint sets 

Rl, i?2- 

Proof. For any / e L^{W,d'p) we introduce the map M(/) : B{n) B{n) 
given by 

M(/)(C) = Pi5e^"*(^)Ce^"(^)Fs, C E B{n). (4.7) 

The exponentials are defined by their Taylor expansions which are finite (in the 
massive theory) due to the energy projections. The range of M(/) belongs to 
S(7Y) due to the energy bounds [9] which in the massive case give 

||a(/i)...a(/„)P^||< (4.8) 

for any /i, ...,/„ e L'^{W, d'p). Making use of the fact that e'^^-^^Pe = PEe'^^^PE, 
we obtain M(/i)M(/2) = M(/2)M(/i) for any /i,/2 G L'^{W,d'p). Moreover, 
M(0)(C) = PeCPe for any C G B{rC). We denote by / the identity operator 
acting from BiTi) to B{7i). There clearly holds 

S ^ J](-l)l^^l<^(M(/,,.-.)...M(/,,^„,,^^J(/)) 
Ri,R2 

= ^((M(/i,.^J -/)... (M(feJ - /)(/)) 

= <^((M(A,,-J-M(0))...(M(/^,jJ-M(0))(J)), (4.9) 

where the last equality holds due to the fact that (p E Te. Finally, we note that 
for any C G B{n) 

{M{f) - M(0)) (C) = Yl Pe^^^^^C^^^Pe. (4.10) 

k+l>l 

Substituting this relation to (4.9) the assertion follows. □ 

We will exploit relation (4.5) to show that for A?" > 2^ the norms of the maps II.e,n,5 
tend to zero with 5 ^ oo, what entails Condition in view of Lemma 3.1. To this 
end, we introduce the *-algebra 2to(0), generated by finite linear combinations of 
Weyl operators, and denote by (2lo(0)^^)* the space of (not necessarily bounded) 
M-linear forms on 2lo(C). We define the maps H^, : Te x Vm^s ^ (2lo(0)''^)*, 
linear in the first argument, extending by linearity the following expression 

n'^;,M,^(^,x)(W(/l)x.--xW^(/M)) 
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We obtain from (4.5) the equality valid for A/" > 2^ 

UE,N,s{^,i){{W{fi) - uJo{W{h))I} X ■■■ X {W{M-uJo{W{M)I}) 

Ri,R2 

•ni;,|«,|,5(^,i)(W^(/n) X ••• X (4.12) 

To conclude the argument we need the following technical lemma. 

Lemma 4.3. For any M E N, E > 0, double cone O and sufficiently large 
S > (depending on M, E and O) there exist the maps ^"e^m,5 ^ ^(Te x 
^M,5, (2l(0)®^)*) which have the properties 

(a) lim^^oo ||n'^,M,5ll = 0^ 

(h) Yi"E^M^^{ip,x){Ai®---®AM) =n'^^M,5(¥'>^)(^iX---xAM)/orAi,...,AM e 
2lo(C) and any {(p,x) e Te x rM,s- 

In view of this lemma, whose proof is postponed to Appendix A, equality (4.12) can 
now be rewritten as follows, for sufficiently large A'', S and any Ai, . . . , An e 2lc(C) 

IIe,n,s{v,x){Ai x---xAn)^ n^_jv,5(<^,^)(^i ® • • • ® ^iv), (4.13) 

where we made use of the facts that lJ(){Ai) = ■ ■ ■ = uJo{A]\j) = 0, 2to(0) is dense 
in 2l((9) in the strong operator topology, and 11^ ^^(y?,^) is a normal functional 
on (2l(C)**'"). Consequently, for N > 2^, the map IIe,n,s shares the properties 
of ^ENS stated in Lemma 4.3. In addition we know from Theorem 1.2 that the 
maps IIe,n,5 are compact for any 5 > 0. Making use of Lemma 3.1 we conclude 
that Condition C\, is satisfied. □ 

We remark that the assumption m > is used only in one (crucial) step in the 
above proof, namely to eliminate the last term in relation (4.5) and establish 
equality (4.13). The properties of the maps ^'e,m,s^ stated in Lemma 4.3, hold in 
massless free field theory as well. However, a complete verification argument for 
Condition C\, in the massless case has not been found yet. 

5 Conclusions 

In this work we introduced and verified in a model the phase space condition C\, 
which encodes localization of physical states in space. More precisely, it says that 
any coincidence arrangement of spacelike separated observables with vanishing 
vacuum expectation values gives zero response if the number of observables is 
much larger than the number of localization centers which form the state. Prom 
this physically motivated observation we derived detailed information about the 
vacuum state: It is pure and unique in the energetically connected component of 
the state space, it can be prepared with the help of states with increasingly sharp 
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energy-momentum values and appears as a limit of physical states under large 
spacelike or timelike translations. 

This last property corroborates the intuitive picture of spreading of wave pack- 
ets which prevents the detection of particles with the help of observables of fixed 
spatial extension. In order to determine the particle content and compute collision 
cross sections, one has to consider coincidence arrangements of particle detectors, 
whose responses are suitably rescaled with time [1, 10, 18, 19]. The methods de- 
veloped in the present work are also of relevance to the study of these interesting 
problems. 
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A Proof of Lemma 4.3 

The goal of this Appendix is to construct the maps m s ^ ^{'^e>^^m,s, 

and verify that they have the properties (a) and (b) specified in Lemma 4.3. We 

will define these maps as norm-convergent sums of rank-one mappings, i.e. 

oo 

i=l 

where n G (2t(C)«^^), and G C{rE x rM,5,C). 

In order to construct a suitable family of functionals Tj, we recall some facts 
from [4,5]: Given any pair of multiindices jJi^^jJi'' and an orthonormal basis {cj}^ 
of J-invariant eigenvectors in the single-particle space LP'^W ,d^p), one defines a 
normal functional t^+^^j^- G B{7i)* by the following formula 



a +a +a =/i 

• (Q|a(e)"^+""a*(e)°'^+°'"Aa*(e)""^+"""Q), (A.2) 

where A G B<(H) and a'^, are multnndices. It is shown in [4] that these 
functionals take the following values on the Weyl operators 

= e-^ll^ll^(e|/+)'^^(e|/-)'^-, (A.3) 

where / = + if^ G L and are the real and imaginary parts of / in 

configuration space. It is also established there that the norms of these functionals 
satisfy the bound 

||t^+,^-|| <4l''^l+l'^"l(//+!/x-!)i (A.4) 
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Turning to the definition of suitable functional on B{H)®'^ , we introduce M- 
tuples of multiindices //^ = (//f , . . . , //^) and the corresponding 2M-multiindices 
// = (//"•", We extend the standard rules of the multiindex notation as follows 



M 



i=l 
M 

/f! = \{l^P■^^V■, (A.6) 

1=1 

M 

{e\fr- = \{{e\ftr" mr^ , (a.7) 



i=l 



where fi, ■ ■ ■ , fu G -C. Now for any 2M-multiindex ji we define a normal functional 
Tfj, on B{l-i)®^ by the expression 

Tm = V,,-®---®t^+,,-- (A.8) 

Prom relations (A. 3), (A. 4) and the polar decomposition of a normal functional [20] 
one immediately obtains: 

Lemma A.l. Let {ejjf^ he an orthonormal basis in L'^{W,d'^p) of J -invariant 
eigenvectors. The Junctionals e [B{T-C)'^^)* given by (A.8) have the following 
properties 

(a) T^iWif,) ® ■ ■ • ® W{fM)) = e-5 2:f=i ll^'=ll'(e|/)^ 

(b) ||T^||<4H(/x!)i, 
where /i, . . . , /m e >C. 

In order to construct a basis {ci}'^ in L'^{W ,d^p) of J-invariant eigenvectors, 
which is suitable for our purposes, we recall, with certain modifications, some 
material from the literature. Let be the projection on states of energy lower 
than E in the single-particle space. We define the operators — Qe£^^ and 

= e~4~£='=j where < k < 1. By a slight modification of Lemma 3.5 from [9] 
one finds that these operators satisfy IjT'J'lli < oo, HT"^!!! < oo, where || • ||i denotes 
the trace norm. We define the operator T as follows 

^\n? + \T^? + + \T-\\ (A.9) 

Making use of the estimate + < \\Ap\\i + valid for any < p < 1 

and any pair of positive operators A, B s.t. A^, B^ are trace-class [17], we obtain 

||T||i < ||r+||i + llT^lli + ||r+||i + ||T-i|i < oo. (A.IO) 

Since T commutes with J, it has a J-invariant orthonormal basis of eigenvectors 
{cj}^ and we denote the corresponding eigenvalues by {ti}'^ . 
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Now we proceed to the construction of the functional Si e C{Te x Fm.^jC), 
to appear in expansion (A.l). Let — (q;^25 • • • > '^m-i m) ^e (■'^)-tuples of 
multiindices and let a = {a^,a~) be the corresponding 2(^)-multiindex. First, 
we define the contribution to the functional which is responsible for the correlations 
between measurements: 

i<i<j<M afj\p+j\aijp,j 

■ {^}\a{C-e,r^'^a*{C-eg^f^.^n), (A.ll) 

where wc use the short-hand notation C^ei^g. — U{xj)C^ei. The functionals in 
question are given by 

i\ii+\+\y+\+-i\ti-\ 

= ^^F^^^{xMa*{Ce,)^a{Ce,r), (A.12) 

where ^ Te and x e Tm,5- The norms of these functionals satisfy the bound, 
stated in the following lemma, whose proof is postponed to Appendix B. 

Lemma A. 2. The functionals S^^^^^ G C{Te x rM,5,C), given by (A.12), satisfy 
the following estimates 



\a+\\ 


\\a-\ 







(A.13) 

where Me = ^, o^^e the eigenvalues of the operator T given by (A. 9) and 

the function g, which is independent of a and (5, satisfies Ymis^oo g{^) = 0- 

Given the estimates from Lemmas A.l (b) and A. 2 we can proceed to the study 

of convergence properties of the expansion (A.l). For this purpose we need some 
notation: For any pair of (^)-tuples of multiindices dr^ = (a^2) • ■ ■ )<^m-im) 
define the associated M-tuples of multiindices a"^, as follows 



l<j<M 
i<j 



l<j<M, 
j<i 



where i e {1, . . . , M}. The corresponding 2M-multiindices are denoted by = 
{a'^,a^), a_ = (a^. a^). The relevant estimate is stated in the following lemma, 
whose proof is given in Appendix B. 
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Lemma A.3. The functionals G and 5"^,^,^^ e C{Te x Tm,5,C) 

satisfy 

llv-+«+/3 II II-^^/jII < (^-16) 

(|a|,|^|)^(0,0) 

for sufficiently large 5 > Q, depending on M, E and the double cone O. Moreover, 
the above sum tends to zero with 8 ^ oo. 

After this preparation we proceed to the main part of this Appendix. 
Proof of Lemma 4.3: 

We define Ii"E^M,6 ^ ^^^Xe x Tm.^, (2t(C)®^^0*) as follows 

{\&mmo,o) 

In view of Lemma A. 3 this map is well defined for sufficiently large 5 > and 
satisfies lim5_^oo l|n^M<5ll = as required in part (a) of Lemma 4.3. In order to 
verify part (b), it suffices to show that for any /i, . . . , /m € C 

^E,M,5i^^lWih) ®---® W{fM)) = I^E,MMim{f{) X ■ ■ ■ X Wifu)) 

where the second equality restates the definition of the map g given by for- 
mula (4.11). The l.h.s. can be evaluated making use of Lemma A.l (a) and 
definition (A. 12) 

ll%^J,,s{^,x){Wif^)x■■■xW{fM)) 

First, we consider the sum w.r.t. There holds 

^ .-iM+l+l/i+l+aiM-l 

E T-r^{e\f)'^-^Ma*{jC,es)iia{/:esr) 

= ^(:W-(/iA + --- + /m,£m)0, (A.20) 

as one can verify by expanding the normal ordered Weyl operator on the r.h.s. 
into the power series of creation and annihilation operators of the functions ffg., 
expanding each such function in the orthonormal basis {ci}^ and making use of 
the multinomial formula 

= E -^{e\fjPa(*\C^e,^p. (A.21) 
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The sum w.r.t. a,P in (A. 19) gives 

J2 ^i^(e|/}^-F-^^(f) = ( n e"^-^^"^'-^^^^^-^e"^-^^"^'^-'^-^) -1.(A.22) 

Ja\p\ l<i<j<M 

i\a\,0mOfi) 

This relation can be verified by expanding the exponential functions on the r.h.s. 
into Taylor series, making use of the identity 

, (n\a(f^^)''tia*(ff^)''tin) 

\Ji,xi\jj,xJ y^-^'^) 

and applying to the resulting expressions expansions (A. 21). Comparing (A. 22) 
and (A. 20) with (A. 18) we conclude the proof of Lemma 4.3. □ 



B Some Technical Proofs 

In this Appendix we provide proofs of Lemmas A. 2 and A. 3 which we used in 
Appendix A to prove Lemma 4.3. 

The key ingredient of our proof of Lemma A. 2 is the observation that when 
the spatial distance between two local operators is large, then the energy transfer 
between them is heavily damped. We exploited this idea in Section 2, where it 
was encoded in Lemma 2.1. In the present context it is more convenient to use 
the following result, which is a variant of Lemma 2.3 of [7]. 

Lemma B.l. Let 6 > 0. Then there exists some continuous function h{u), u eM. 
which decreases almost exponentially, i.e. 

sup\h{uj)\e^'^^^ <oo forO < K<1, (B.l) 

and which has the following property: For any pair of operators A, B which have, 
together with their adjoints, a common, invariant, stable under time translations 
dense domain containing and satisfy [A{t),B\ — for \t\ < S, there holds the 
identity 

{n\ABn) = -{{n\Ah{SH)Bn) + {n\Bh{SH)An)}. (b.2) 

With the help of this result we prove the following key lemma which will help us 
to control the correlation terms ^. 

Lemma B.2. Let 5 > {x,y) G T2,s, be the basis of the J -invariant eigen- 

vectors of the operator T given by (A. 9), let {ti\f be the corresponding eigenvalues 
and let a, {3 be multiindices. Then there holds, for any combination of ± signs, 

\{n\a{C^e,ra*{C'^e.^fQ)\ < y^mm^.g{6p-^^^k^+^ , (B.3) 

where the function g is independent of a, (3 and satisfies ]ims-^oo g{^) — 0- 
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Proof. We consider here only the (++) the remaining cases are treated 

analogously. We define the operators 0+(ej) = a*(>C+ej) +a(>C+ej) and their trans- 
lates 0+(ej)(a;) = U{x)(j)+{ei)U{x)~^. Since the projection commutes with J 
and Jci = Cj, these operators are just the (canonical) fields of massive scalar free 
field theory. Since 5 > 0, locality guarantees that (j)^{ei){x) and 4)^{ej){y) satisfy 
the assumptions of Lemma B.l. Therefore, we obtain 

(/:+ei,^|£+ej-,^) = (f2|0+(ei)(f)0+(ej)(?/)l^) 

= l{{^^ei,MSu)C+e,,y} + {C+e,Jh{Siu)C+ei,g)). (B.4) 

Making use of this result, exploiting the fact that the l.h.s. of (B.3) vanishes for 

|a| 7^ \/3\ and setting \a\ = = k, we get 

{fl\a{£+es)''a*{C+e.yfQ) 

cr&Sk 

. . .^{{C+e,,,s\h{H^^e,^„y) + {C^e,^Jh{6u;)C+e,,,,)), (B.5) 

where the sum extends over all permutations of a A;-element set. For any < k < 1 
there holds := sup^^ |/i(a;)el'^l'^| < oo. Consequently, we get 

< c^e-(^'^-^)-nie-^>C+e.||||e-^£+e,-||. (B.6) 

Finally, we note that ||e~^>C"'"ej|| = ||r+ei|| < \\Tei\\ — ti and the claim follows. 

□ 

After this preparation we proceed to the proof of Lemma A. 2. 
Proof of Lemma A. 2: 

Exploiting the energy bounds [9] (see estimate (4.8) above), we obtain 

< Mj^'^'+'^'^iH+i^. (B.7) 
Next, with the help of Lemma B.2 we analyze the expressions ^ given by (A. 11) 



l<i<j<M V ^,3 ^,3 



a+ 
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where we made use of the estimate Ui<i<j<M < (Ei<i<i<M l^itjl)' = l"^!'- 
Altogether, combining (B.7) and (B.8), we obtain from (A. 12) the bound (A. 13). 
□ 

We conclude this Appendix with a proof of Lemma A. 3. 
Proof of Lemma A. 3: 

First, we estimate the norms of the functionals t^^^^_^^_^. Making use of the 

bound stated in Lemma A.l (b) and of the fact that {a + b + c)\ < 3"'^^^'^a\b\c\ for 
any a,b,c & Nq, which follows from properties of the multinomial coefficients, we 
get 



< (^(4^3) l^l+l^l ^J{l£ + KV^ (^(4^3) '"l+l'^' \/^^ , (B.9) 

where we noted that \a^\ — \a\ and |_^| — |/3|. (See definitions (A. 14) and (A. 15)). 

The factor a\_^\ in this bound will be controlled by the factor \J a\p\ appearing 
in the denominator in (A. 13). We note the relevant estimate 

^^^a^ ^ ^ (Ei<j<M,i>^<i)! iJ2i<j<M,j>i (^IjV- 

< M^i<<<j<Jw(l"i'l+l°<^jl) = mI"I, (B.IO) 
where we made use of properties of the multinomial coefficients. Similarly, the 



factor ^(/x + i^)! appearing in (B.9) will be counterbalanced by ^/yuW extracted 

from the denominator of (A. 13). The relevant estimate rehes on the property of 
the binomial coefficients 



< 2W^\. (B.ll) 



With the help of the last two bounds and relations (A. 13), (B.9) we obtain 
V llr -II 115 ^^/ (4vCT^)H+li.l \ 



a,j3 

(|a|, 1/31)^(0,0) 



E(\/^^^^P^(4vWsW)'*'^''**^). (B.12) 



(|a|,|/3|)^(0,0) 



where we made use of the bound (B.IO). The sum w.r.t. n^v_ can be easily esti- 
mated as it factorizes into 4M independent sums: Let be an ordinary multiindex. 
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then 



< 



oo 

fe=0 

oo 



I \ 



4M 



fc=0 



(B.13) 



where in the second step we made use of the fact that the muhinomial coefficients 
are greater than or equal to one and in the last step we used the multinomial 
formula. Clearly, the last sum is convergent. (As a matter of fact it would suffice 
to consider k < Me since S^^^^, given by formula (A. 12), vanishes for |//| > Me 

or \u\ > Me). As for the sum w.r.t. a, $ on the r.h.s. of (B.12), it suffices to 
study the case la+l ^ 0. Then the sum factorizes into four independent sums and 
we discuss here one of the factors 



E 

a+,la+|^0 



a? 



- )(4\/3M^(5))l"^lt"' 



d+,|d+|7^0 



1,21 



+ \OL 



M-\,M\ 



a{2^. . . .a 



1,2 



d+,|d+|^0 

2 E 

'^1.2'---''^M-1,M 

El <i<j<M '^i, 



\a 



M-1,M- 



+ I 

m-i,m\ 



a 



M-1,M- 



W (4V3M^y((5))' 

l<i<j<M 



E 



a' • 
+ *j 



< (4V3M35(J)||T||i)('=^2+-+'=m-i,m). (B.14) 



K-^ 2!---i''M-1,M 
El<i<j<M 

In the second step we made use of the fact that 



{H,2\ + --- + \<-l,M\y- ^ ^2(l4,|+...+|a+_,,^|) 



i«i;2|'---i«m-im|! 



(B.15) 



and in the last step we exploited the multinomial formula. The last expression on 
the r.h.s. of (B.14) is a convergent geometric series for sufficiently large 5 and it 
tends to zero with 5 — > oo, since \\m.s_^^ g{5) = 0. □ 
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